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Abstract

We study the environmental dependence of ultralight scalar dark matter (DM) with
linear interactions to the standard model particles. The solution to the DM field turns
out to be a sum of the cosmic harmonic oscillation term and the local exponential
fluctuation term. The amplitude of the first term depends on the local DM density
and the mass of the DM field. The second term is induced by the local distribution of
matter, such as the Earth. And it depends not only on the mass of the Earth, but also
the density of the Earth. Then, we compute the phase shift induced by the DM field
in atom interferometers (Als), through solving the trajectories of atoms. Especially,
the Al signal for the violation of weak equivalence principle (WEP) caused by the
DM field is calculated. Depending on the values of the DM coupling parameters,
contributions to the WEP violation from the first and second terms of the DM field can
be either comparable or one larger than the other. Finally, we give some constraints to
DM coupling parameters using results from the terrestrial atomic WEP tests.
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1 Introduction

A variety of astrophysical and cosmological observations indicate the existence of
dark matter (DM) and dark energy, although we have not directly discovered them
[1, 2]. It is commonly believed that about 80% of all the matter in the Universe
is DM [3]. So far the nature of DM is unknown except its gravitational effects at
the galactic scale and larger [4-6]. There are considerable efforts to search for a
kind of particle-like DM candidate—weakly interacting massive particle (WIMP).
Unfortunately, no evidences of WIMP dark matter have been found [7-9]. In contrast,
several experimental strategies are proposed recently to search for light, field-like DM
using precision tools of atomic, molecular and optical physics, such as atomic clocks
[10, 11], atomic spectroscopy [12, 13], accelerometers [14], optical cavities [15, 16]
and laser interferometers [17-19].

In recent years, rapid technological progress in atom interferometry has been made.
Atom interferometers (Als) are realized by coherently manipulating atomic matter
waves [20]. The whole process mainly consists of preparing an atomic wave packet
in the initial state, coherently splitting the wave packet into two by applying the laser
pulse, flipping the atomic states of the two wave packets after some drift time T,
recombining these wave packets after another drift time 7', and finally measuring the
phase shift of the detected fringes. Als have already been used in various precision
measurements. For example, the value of the fine structure constant was determined
tobe a ™! =137.035999206(11) in the 8’ Rb-atom recoil experiment [21], which is the
most accurate measurement of « so far. Al has also been used to test weak equivalence
principle (WEP) at quantum level. Recent results of quantum WEP test with Als were
reported by Zhou et al. [22] and Asenbaum et al. [23] with accuracies of 10~ 10 level
and 10~'2-level, respectively.

Encouraged by the achievements Als have made, people put forward several pro-
posals of detecting ultralight DM with Als [14, 24, 25]. The idea behind these proposals
is the following. According to the popular scalar DM models [26, 27], the scalar DM
may interact with standard-model matters and change the fundamental parameters,
such as the mass of fermions, the electromagnetic fine structure constant and the QCD
energy scale. This will lead to variations in atomic masses and atomic internal energy
levels, and finally end up with a change in the mass of the Earth, resulting in a variation
of the gravitational acceleration. All these effects can be searched by a net phase shift
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in Al experiments. But, in all these proposals, only the cosmic harmonic oscillation
part of the DM field has been considered.

In this paper, we also work on the popular scalar DM models [26, 27]. After a
thorough computation, the solution to the DM field is obtained. The DM field is
found to be a sum of the cosmic harmonic oscillation term and the local exponential
fluctuation term. The second term comes from the local distribution of mass. We
further calculate the signal for the WEP violation caused by the DM field in Als. The
calculation shows that contributions from the two terms of the DM field can be either
comparable or one larger than the other, depending on the values of the DM coupling
parameters.

The paper is organized as follows. In Sect. 2, the scalar DM model is briefly intro-
duced. In Sect. 3, we discuss the environmental dependence of the scalar DM, and
the solution to the DM field near a local distribution of matter (such as the Earth) is
obtained. In Sect. 4, we compute the phase shift in Al experiments under the influence
of the scalar DM. In Sect. 5, we discuss how to constrain the DM coupling parameters,
using the newest atomic WEP tests. Finally, discussion and conclusion are made in
Sect. 6.

2 The scalar dark matter model

In this section, we will briefly review the scalar DM model, introduced in Refs. [26,
27]. The microscopic action of the model is the following,

1 J—
5= [ 5E k=20t~ vio)

1
+ ; / d4xv —g[ESM(gW, vi) + Lint(g/wa @, I/fl):| s (1)

where k = 8767—46. R is the Ricci scalar of the spacetime metric g, and ¢ denotes the
dimensionless scalar DM field. Note that a dimensionful scalar DM field & is also
used in literature. The relation is v/47 ® = @oMp,where Mp = 1.2 X 1019 GeV is the
Planck energy scale. The first line in Eq. (1) describes the action for general relativity
and the DM field, with V (¢) being the potential term of ¢. Here we only consider the
quadratic mass term in the potential,

2.2
cm
Vi) =2—5"¢", )

where m,, is the mass of the DM field. Ly, is the Lagrangian density of the standard-
model fields ¥; , and L;;; is the interaction Lagrangian density between the DM field
and standard-model fields.

@ Springer



41 Page4of25 W. Zhao et al.

To be specific, we focus on the linear coupling model,

d dgB3 -
Ling = w[ﬁFuuF““ Bl LD DI C T ymidg>miwiwi}, 3)

i=e,u,d
where d, and d, are the couplings to the U (1) electromagnetic and SU (3) gluonic
field terms, respectively. dy,, d,, and d,, are the couplings to the masses of electron
and quarks. g3 is the QCD gauge coupling, and 83 is the S-function for g3. m; denotes
the fermionic masses (electron and quarks), y;,, is the anomalous dimension due to the
renormalization-group running of the quark masses, and ; are the fermion spinors.
It is easy to find that, in the linear coupling model, the Lagrangian leads to the
¢-dependence for the following five physical quantities,

a(p) = (1 +dep)a
A3(p) = (1 +dgp)A3
mi(p) = (1 +dy,)m;, i=-e,u,d 4

where « is the electromagnetic fine structure constant, and A3 is the QCD energy
scale. Then, the physical meaning of the five coupling parameters (d., dg, dy,, dp,
and d,,,) is very clear. They just introduce a linear ¢-dependence to the corresponding
physical quantities.

For later discussion, it is convenient to rewrite the masses of up and down quarks
into the form of symmetric and antisymmetric combinations,

m:—m";md, Sm=mg—my. (5)
Their corresponding ¢-dependence is
n(p) = (1 +dsp)m, m(p) = (1+dsme)dm, (6)
with
A = mydy,, ~|—mddmd, dsyy = mqdp, — mudmu‘ 7

my + mgq mg —my

From the action (1), it is straight to derive the field equations for the spacetime
metric g, and ¢, which are

1 1
R =« |:T;w - EguvTjI +20,90,0 + zg;wV(fp) (8)
and )
1. kK 0Line V(@)
— =0 —Ap=—— —_— . 9
2? ¢ 2 o + 4 ®
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The stress-energy tensor T}, is defined by

T, = 2 av_gﬁmat (10)
=TT g
8 g

where L,,,; denotes the Lagrangian for the matter source.

To solve the above field equations, one needs to write down the phenomenological
Lagrangian L,,4; for matter, in the spirit of the microscopic action (1). Since ordinary
matter is made of atoms, which can be further decomposed into fundamental particles
(photons, electrons, gluons and quarks), the problem is then reduced to write down
a phenomenological Lagrangian for atoms. In Ref. [28], such a phenomenological
treatment of matter was developed, where the atom was modeled as a massive point
particle. The phenomenological action for matter was written as

Snarlgn gl == Y [ matordr. (an
atom

atom

where 7 is the proper time along the atom’s worldline, and m 4 is the atomic mass.

Since each atom has its own decomposition, m 4 (¢) has different dependence on ¢.
In the paper [26], derived from the microscopic action (1), a dimensionless phe-

nomenological factor a4 is introduced to measure the coupling of DM field to the

atom,

_ Olnma ()

A a(p

(12)
The expression for a4 has been derived,
QA ng + [(dp — dg) O + (dsm — dg)QBm + (dmg - dg)Qme +d.0Qcl, (13)

where the dilaton charges are given by

i 0.036 (A —22)% LZ(Z - 1)
[ A—-27

Osm = Fa|0.0017 (14b)
_ 74Z

Om, = Fal5.5x10 1 (14c)
i z Z(Z - 1) L

and
Fpo = Amgmy/ma . (14e)

Z is the atomic number, A is the mass number of atoms, and m,,, is the atomic mass
unit. The factor Fy = 1+O(10~*) can be replaced by one in the lowest approximation.
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3 The solution of the DM field near the Earth

To show the environmental dependence of scalar DM field, we need to solve the field
equation for ¢ near a distribution of ordinary matter, such as the Earth. For simplicity,
we will regard the Earth as a spherically symmetric ball with radius Rg, density pg,
and mass Mg = 4x R% pE/3. According to Eq. (11), the phenomenological action for
the Earth is

1
SE=;/ﬁE«/—_gd4x=—C/PE(§0)\/—gd4x~ (15)

Let us dwell on the ¢-dependence of Mg, which comes from the ¢-dependence of
atoms. Since the five coupling parameters (d., dg, dy, , dj;, and ds;, ) and ¢ are assumed
to be very small, we could do Taylor expansion in ¢ for the mass Mg,

MEg(¢) = Mg [1 +apg + dpg® + 0(¢3)} (16)
with
Mg (¢)
Mg =Mp(p)| . ap= 3—” (17)
¢=0 ¢ ¢=0

Note that, unlike other papers (such as [29]), we truncate the Taylor expansion of
M at the second order in ¢. The physical meaning of the ¢*-term will be clear soon.

The calculation of afg is as follows. The Earth is made of various elements, 49.83%
Oxygen, 15.19% Iron, 15.14% Magnesium, 14.23% Silicon, 2.14% Sulfur, 1.38%
Aluminum and 1% Calcium [30]. We first calculate the o4 for each element, using
Egs. (13, 14a—14e). Then, the o g is given by taking the atomic average over the Earth’s
isotopic composition,

ap = dg +[0.08(dj, — dg) 4 2.35 x 1075 (dsyy — d)
+2.71 x 107 *(dy, — dg) + 1.71 x 1073d,]
= 0.92d, + 0.08d; 4 2.35 x 10 %ds,
2.71 x 1074*d,,, + 1.71 x 1073d, . (18)

Note that, in Refs. [26, 27, 29], ap = d; = dg + 0.093(d;; — dg) + 0.00027d, +
0.000275(dy, —dyg) is used, which is the composition-independent part of the full ag.
In this paper, we use the full «g to study the effects from all the d;’s.

According to the microscopic action (1), there are only linear interactions between
the DM field and the standard-model fields. Naively, one would expect that the Earth’s
mass only had linear-dependence on the scalar DM field. But, from the point view
of effect field theory, once a model has linear couplings between scalar field and
the Standard model fields, people will also have induced quadratic, cubic, quartic
couplings, and so on.! The exact calculation is very tricky and lengthy, which is

1 To see this, it is easier to use a different DM coupling parameter notation {Ay, Ag, A;}. This notation is
related tooursbyde = Mp /(4w Ay),dg = Mp /(4 Ag), and dp; = Mp /(47 A;). These Ay, o ; parame-

@ Springer



Investigating the environmental dependence of ultralight... Page70f25 41

beyond the scope of this paper. The detailed form of o’r will be studied in our future
work.

Based on the above discussion, a phenomenological action, describing ¢ near the
Earth, is given by

/d“ vy _° [R 28" 8,00, — V((p)]—i—SE (19)

It is straightforward to write down the field equation for ¢,

1 .. K 744
-t Vi = EPECQGE + %ﬁ . (20)
with
2 2 2 1 2 2
Veit(@) = V(@) + kpec apg” = h2 <m + 2K,OEfL aE)‘P . 21

Note that a Minkowski spacetime metric g, = diag(—1, 1, 1, 1) is assumed. It is
clear that the potential for ¢ is changed from V (p) to the effective potential Vegr(¢),
due to the appearance of the Earth.

To solve the field equation (20), let us first consider the case without the Earth.
Obviously, Eq. (20) becomes

(22)
It is easy to find out the solution,
@pg(t,X) = gpcos(k-x — wt +5), (23)

where ¢ is the amplitude, W = |k|202 + méc4 / K2, and § is the initial phase. The
solution is a plane wave, and we call it the background of ¢.

As in Ref. [10], the harmonic oscillation background ¢, will be identified as the
DM. The wave vector is then given by k = mVyir/h, where vyj; = 1073¢ is the
Earth’s velocity with respect to the DM halo. Note that vy;; is seasonally modulated
at a level of 10% due to the Earth’s orbit around the Sun [31]. For simplicity, we will
ignore the modulation and take k-x = kr in the following.

@pg Will contribute an energy density, (pcpzM%l, where Mp; = 1.2 x 101°GeV

is the Planck mass. Using the DM energy dens1ty ppm = 0.4GeV/cm? at the solar

ters have dimensions of energy, which can be regarded as UV cutoffs of some underlying theory. According
to the spirit of effective field theory, terms, like Y5 ) CF (®/ Ay )" (Fun)?, 302, C5 (®/Ag)" (i),

and ) 02 5 Cfl(<1>/ A)"m;y;;, will be generated. In the end, these terms produce the higher order -
dependence in the Earth’s mass (16).
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system, the amplitude is calculated to be

7.2 x 10731V
= ——""7—+. (24)
My

It is easy to see that gy < 1 for the ultralight scalar DM (1072%eV < my, < 1eV).

The appearance of the Earth will induce a perturbation to the background ¢,. Let
us decompose ¢ into

© = @pe + 8¢,

where d¢ is the fluctuation around ¢y,. Insert it into Eq. (20), we have

2 02 K 2
VZSp — ﬁmeffa(ﬂ = 5PECAE, (25)
with
) , 4nGh*
Mo = My, + 6—4,0EO‘E . (26)

Now, it is clear that keeping the ¢-term in M results in a change in the mass of 8¢
to the effective mass mefr, which depends on the density pg and o2 Inserting the
number pg = 5.5 x 103 kg/m?, one gets

miy=mg + (1.4 x 107"%eV) %y . (27)
Obviously, for the Earth, the difference between megr and m, can be neglected since

df is very small.
Inside the Earth (r < Rf), the solution of Eq. (25) is

GMp e % 3apGMpi2 .
Sp = —agl (L> e = OEPTE eff|:(r+)\eff)e o

Aetf ) €2 r 2R3y
_Rg ] . r
— (REg + Xeff)e *eff] sinh <—) , (28)
Aeff

where /(x) = 3 20shsih() ginh (x) = €52 and cosh(x) = “5—. The effec-

tive wavelength of the DM field is defined to be Aefr = .
MeffC

2 Note that the case here is different from the issue of naturalness. There, corrections to the mass of scalar
field are generated by one-loop Feynman diagrams, which depend on some (arbitrary) UV cutoff scale. On
the other hand, our correction in Eq. (26) comes from the wz—dependence in the Earth’s mass as discussed
above. We will omit the issue of naturalness in this paper, and readers can refer to the papers [10, 19] for
further discussion.
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Outside the Earth (r > Rg), the solution of Eq. (25) is

Re\ GMg ¢ 7t
So = —agl (—E) - . (29)
Aeff c r

So, in the neighborhood of the Earth where the terrestrial Al experiment is per-
formed, the full solution to ¢ is
Re\ GMp e it
0 = gocostkr — wt +8) —agl (—E> oL T (30)

Aeff c r

Similar result was also obtained in the paper [29]. The difference is that we have At

in the exponential term, instead of 1, = —.
mgyc

4 The DM signal in atom interferometers

The theory of Als can be found in many papers, such as Ref. [32, 33]. A typical
7 — m — 7 Raman atom interferometer is shown in Fig. 1. The stimulated Raman
transitions are realized by two counter-propagating laser beams. One is called the
control laser beam, with frequency w; and wave vector k. The other one is called
the passive laser beam, with frequency w; and wave vector k;. The cold atom beam,
prepared in the | g) state, is loaded into the AI with the launch velocity v . Attime t=0,
the first Raman 7 /2-pulse is applied, and coherently splits the atomic wave packet into
a superposition of states |g) and |e), with a momentum difference of kKeir = k| — ko.
After a drift time T, Raman 7 pulses are applied, which transit the state |g) to |e),
and the state |e) to |g), respectively. After another drift time T, the two wave packets
overlap, and the final Raman 7/2-pulses are applied to make the two wave packets
interfere. Then, the phase shift can be measured by detecting the number of atoms in
either |g) or |e) states.

According to the discussion in previous sections, because of its interaction with
standard-model fields, the scalar DM will change the fundamental parameters, such as
the mass of fermions, the electromagnetic fine structure constant and the QCD energy
scale. Subsequently, this will induce variations in the atomic masses, atomic internal
energy levels, and the mass of the Earth, resulting in a variation of the gravitational
acceleration. All these effects will cause a net phase shift in Al experiments, which
signals the existence of the scalar DM. But, in previous proposals [24, 25], only the
harmonic oscillation term of the DM field (30) has been considered. The paper [24]
considered the DM effects on the atomic masses and the mass of the Earth, while the
authors in Ref. [25] focused on the change in the atomic masses and atomic internal
energy levels. In the following, we will give a complete computation for the phase
shift due to variations in atomic masses, atomic internal energy levels, and the mass
of the Earth, based on the full DM solution of ¢.

To calculate the DM-induced phase shift, we need to determine the atom’s trajec-
tories of the upper and lower arms, compute the phases along each arm, and take the
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w Height

b4 T
2” pulse n-pulse 2- pulse

Time

0 T 2T

Fig. 1 Schematic diagram for a typical % — 7 — Z Raman atom interferometer. The left part shows the
stimulated Raman transition between two atomic hyperfine ground states |g) and |e). The atomic population
is resonantly transferred between |g) and |e) if the frequency difference w-w> is close to wpfg. The right
part shows the sequence of laser pulses and the paths of atoms

phase difference between the two arms. The trajectory is determined by the atomic
equation of motion, which can be derived from the non-relativistic approximation of
the Lagrangian (11),

2, L
L=—mac®+ omai” —magz, €1y
where z = r — Rg and g is the Earth’s gravitational acceleration. The DM-dependence

of the Lagrangian (31) is encoded in m 4 and g. To be explicit, let us write down m 4
and g,

ma(p) =mo(l +app) = MO[l + aapo cos(kr — wt +6)

Rg\ GMp ¢ %t
—agapl [ 2E £¢ (32)
Aeff 2 r

and

g(p) = GME(9)/R%: = go[l + ago cos(kr — wt + 8)

Rp\ GMg ¢ 7t
— a3l (—E ) L L owd + O(d?)], (33)
Aeff c r

where mq and go denote the atomic mass and the gravitational acceleration in the
absence of DM, respectively. Higher order terms in ¢g and d; are neglected.
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As pointed out in Ref. [25], we also need to consider the DM effect on atomic
internal energy levels (i.e. |c), |g) and |e) in Fig. 1), which comes from the change
in the electronic mass and the electromagnetic fine structure constant (4). The change
in atomic internal energy levels accordingly affects the stimulated atomic Raman
transitions. In the end, the effective photon momentum transfer ke in stimulated
atomic Raman transitions is changed to

kefi (@) = keff|:1 + (dn, + Sde)‘/{| = keff[l + (dp, + §de)o cos(kr — wt + 8)

Re\ GMp ¢ et
E) £S “], (34)

— d I —
(me +&de)ag (Aeﬂ‘ 2 ,

where ke denotes the unperturbed value, and & (=2.34 for the Rb atom) is the rela-
tivistic correction factor 2 + K¢ given in Ref. [34]. Then, through the laser pulse’s
interaction with atoms, this effect is finally transferred to the atomic recoil velocity

kgt (@)
ma(p)

vr(p) = b vR|:1 — (xyg — c?)goo cos(kr — wt + 8)

Re\ GMp ¢ %t
E) ES }, (35)

—darl | ==
+(xa — d)ag (keff 2 P

where vg = hkegr/mo denotes the unperturbed value, and d= dp, +&d..
Now, it is straightforward to write down the atomic equation of motion from the
Lagrangian (31)

. om 1dma., . . dm 9
mAz=——Acz—i-——AZz—mAz——AgZ_mA_gZ_mAg' (36)
0z 2 0z Z Z

Solving Eq. (36) is very lengthy, and the full result will be given in Egs. (54, 57) in
“Appendix A”.

The total phase shift can be written as a sum of three components [33], the propa-
gation phase shift, the laser phase shift, and the separation phase shift,

A¢ = A¢pr0p + A¢laser + A¢sep . (37)

The calculation of the total phase shift is quite long, and will be given in Egs. (63-65)
in “Appendix B”.

To show that our result is a complete result, let us discuss two cases. First, consider
effects induced by the local exponential fluctuation term §¢, which turns out to be
the A¢s, term (64) of the total phase shift A¢. In the Aegr — o0 limit, the Agsy is
reduced to

y v (VR + L)
Agsy = _gOTzkeff |:1 + (1 + T) o5A01Ei|

@ Springer



41 Page120f25 W. Zhao et al.

— oo ke |:_7g8 T? n g02vr +vp)T — gORE:| »

5 > ar.  (38)

Then, it is easy to find that the E6tvos parameter could be written as

v (Vg +vp)

¥ (aq —ap)ag, (39

N5y = (g — ap)ap —
for atomic species a and b. The first term in Eq. (39) exactly reproduces the formula
used in Ref. [35]. The second term in Eq. (39) gives small corrections. For cold atoms,
the velocity vy is about several m/s. Thus, the corrections are about 10~!7 times
smaller than the first line. For hot atoms, the corrections can be much bigger.

The second case is to focus on effects caused by the the cosmic harmonic oscillation
term g, which finally contributes the Agyg term (65) in the total phase shift. If we
ignore terms originated from the mc? term in the Lagrangian (31) and omit terms
involving vy g/c or vy RT/RE, the Ay, is reduced to

i 2gokettT
Appy = —aAgO—effgoo(sin oT —sin2wT)
w
k
+ (@ +20) 25 40 (1 — 2cos 0T + cos 20T)
w
k 2
tan (M) 002 sin T — sin 20T) (40)
w

One can see that we reproduce the result used in Ref. [24].

5 Constraints on the coupling parameters

In this section, we discuss how to constrain the five coupling parameters (d., dg, dy, ,
dy, and ds,,) by recent results of quantum WEP test with 85Rb-8Rb duel-species
Als. n=(—0.6 £+ 3.7) x 10719 was reported in Ref. [22] and n=(1.6 &+ 3.8) x 10~12
was obtained in Ref. [23]. For comparison, n=(—1 % 12.7) x 10715, measured by the
MICROSCOPE space mission [36] using macroscopic Ti-Pt objects, is also discussed.

Since vz, g < ¢, we can omit all the terms involving vy g/c in Eq. (63-65). Then,
the full result for A¢ can be simplified into

Zkay o

A¢p = —goT kefi — kefi—— |:sin(kRE —2wT +6) — 2sin(kRg — wT + )
w

. 2gokettT . .
+sin(kRg +68) | + a4———¢o| sin(kRg — oT + §) — sin(kRg — 2wT
w

k e
£ ;ﬁ ¢0|:COS(kRE +38) —2cos(kRg — wT + 8)

+ 8)i| + (ag + 204) ”

+ cos(kRg — 2wT + 8):|
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7, 72
z80T° — Qup +vp)T R R GM —Re
- T2keff|:6g0 Gvi + ve) + (1 + —E>i|1 <—E> —2EoerzEe oo,
Ay p ro) R

(41)

where we have replaced Aefr by A, since the difference is very small for the Earth,
according to Eq. (27).
For ®Rb and 8’Rb atoms, the DM-induced acceleration of gravity is given by

— T?—g)ﬁ. Accordingly, the E6tvos parameter is defined to be
885 + 887

We find that 1 can be written as a sum of a static component 7s, and an oscillatory
component 1pg.
N = 1sp + Nbg - (43)

The §¢-contribution to 7 is given by

7. 2
£80T* — QuL +vp)T R R _Rg
Nsg =|: L +{1+ TE (=t (ags — agy)ape ¢,

)‘fﬂ ¢ )‘fﬂ
(44)
where
asgs = 9.1556222 x 10™"'d, + 8.3978 x 1072dy, 4 2.20 x 10™*ds,,
+2.394 x 107*d,,, +2.961 x 10734, . (45)
ag7 = 9.1556685 x 10™'d, + 8.3945 x 1072dy, 4 2.54 x 10~*ds,,
+2.339 x 107*d,,, +2.869 x 1073, . (46)

The @pq-contribution to 7 is given by

2k
Nbg = [%(ma«h — 20T +8)—2sin(kRg — T + 8)+sin(kRg + 5))
gow-T

2
~Te ( sinfkRg — oT 4 8) — sin(kRg — 2wT + 5))
w

2
— 2—T2<cos(kRE +68) —2cos(kRg — wT + 8) + cos(kRg — 2wT + 5))]
w
- (ags — ag7)9o
= F (8, my, po)(ags — ag7) . 47

Note that 1y is oscillatory because § (the initial phase of the DM field ¢, ) is
different for each run of detection, as depicted in the Fig. 2. To marginalize the unknown
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— Do w >
1 1 1

F(5) [10711]

_2_
_3_
_4 T T 3|
0 7 P =5 27
2 2

Fig.2 7y, is oscillatory in &, where my, is taken to be 10~ 18¢V for example

initial phase §, we treat it as a random variable with a probability density function

1
£6) = {2n 0<é<2m, 48)

0 otherwise.

Then, 7, becomes a function of the random variable §. According to the theory of
probability and statistics (e.g. Ref. [37]), the mean (or expectation) of 1, is defined
to be

400
Elnpe] = / Mg f(8)d5 49)

—0o0

It is easy to see that E[npg] = 0. So, for marginalizing 8, we use the square root of
Elnj,1, which is

+00
e = [ wh f0as
o0

2
= go;/z—Tz [(COS (@T) — 1) ((2 gooTck+c*k> +4 g02> (cos (wT) — 1)
1/2
+2 802w T(2 sin (wT) —w T))i| (Ol85 _ 0587) 0. (50)

The other notable thing is that 7, is linearly proportional to the d; parameters, while
sy is quadratic in them. Then, 75, and 7, can be either comparable or one larger
than the other depending on the values of d;’s.
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Fig. 3 Constraints on the five DM parameters, de, dg, dm,, dy;; and ds;,. The blue solid line (and the
corresponding yellow shaded area) is the constraint set by the MICROSCOPE's result [36]. The red dot-
dashed line is the constraint set by Asenbaum’s result [23] and the black dotted line is the constraint set
by Zhou’s result [22]. In addition, the red solid line is the constraint set by Asenbaum’s result, considering
only the component 76

We first constrain only one parameter each time with the other four parameters set
to zero. This method is widely used in many papers [14, 29, 35]. The result is shown
in Fig. 3. It is clear that the MICROSCOPE’s result gives better constraints on all
five parameters than Al experiments since it keeps the best precision on WEP test.
In Fig. 3, we can see that constraints on d, and d,; are better than constraints on the
other three parameters. As explained in Refs. [26, 27], the reason is because the gluon
interaction (i.e. the strong interaction) and quark masses make the most contribution
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d, [107]

-2 T T T T

=3 0 _53
d,[107]

-9 -6 -3 0o 3
d g[10"°]
Fig.4 Constraints on the four pairs (dg — d,;, dg — dp,, dg — de and dg — ds;,) set by Asenbaum’s result
[23], where the shaded area is the allowed region. We have taken a generic value 10~ 8¢V for me

to the atomic masses, which can be seen from the coefficients of d;’s in Egs. (13) and
(18). At current precision level on WEP test, the oscillatory component 7,, makes
neglectable contributions to constraints on the five DM parameters.

According to Egs. (13) and (18), d, dominates the contribution to a4 and o, if
one assumes that d., dg, dy,, dj and ds;, are of the same order. To investigate the
correlation between d, and the other four parameters, we assume d, always nonzero
and set one of the other four parameters nonzero each time. Then, we can draw the
constraints on the four pairs (dy —dy;,, dg — dpn, , dg —d. and dg — ds;,,) in Fig. 4, where
the result from Ref. [23] is used. In Fig. 4, due to the loose constraints we get, we could
not see whether there exist correlations between d, and the other four parameters, or
whether d, is of the same order as the other four parameters.

6 Conclusion and discussion
In this paper, we first generalize the linear coupling scalar DM model to the appearance

of a central massive body, such as the Earth. We find that the DM field obtains a local
exponential fluctuation term besides the cosmic harmonic oscillation term. Our method
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can be applied to more general scalar DM models. The case of the quadratic coupling
scalar DM model has been studied in Ref. [29].

According to Eq. (26), mefr is proportional to the density of the central massive
body. For more dense bodies than the Earth, the difference between mess and my,
becomes more remarkable. On the other hand, according to Egs. (28) and (29), the d¢
is proportional to the total mass of the central body. Thus, for more massive bodies
than the Earth, the local exponential fluctuation term becomes more important.

We then use our solution not only including the cosmic harmonic oscillation term
but also the local exponential fluctuation term for the DM field to calculate the DM-
induced phase shift in atom interferometers. The resulting phase shift is a sum of a
static term and an oscillatory term. Accordingly, for the WEP test with Als, the Eotvos
parameter 7 is also a sum of a static component and a time-varying component. The
two components can be either comparable or one larger than the other depending on
the values of d;’s. For current WEP test experiments, the oscillatory component 7,
makes neglectable contributions in constraining the five DM parameters. For future
improved precision of WEP tests, the oscillatory component will become more and
more important.
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A Calculation of velocity and position of atoms

Solving Eq. (36) is as follows. We first integrate on both sides to get the velocity,

t - (0) 2
20y = 20— go(t'—1) —ag ] (f—E> oM / [aA<c2+%+goz“’>u))
t

eff c

(R s oo
. a —————————————————————————
Re+200)2 " (Re + 20)nerr) S E\Rp + 20(1))2

1 e _Re+: Q0
+ 0 (1 + 2 ))>e Peff :|dt
Re +z0) Aeff

/

t - (0) 2
+¢o/ [k((& - %)m + g0z (1) (ap + aE)> sin (k(RE
t

+z00) — w0t + 5) — golaa +ag) cos (k(RE +290) — wr + 8>]dt

—~ aA‘PO(COS (k(RE +290) — o' + 3)2“’) (t') — cos(k(Rg +z\”)
—wt; + 3)2“”(@)) ) (5D
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Here, (9 (1) denotes the unperturbed atomic trajectory, which is nothing but the freefall
trajectory

1
Q0 =20+ — 1) - 580t — 1)? (52)

where ¢; is the initial time, z( and v( ) are respectively the initial position and velocity
for each segment of the freefall trajectory.
To finish the integration in Eq. (51), we do the following approximation,

_ Rp+z 0] (U] t Rg
e heff ~ 1—Z @) e eff

RE
1 -, 2O
Rg+z0()  Rg REg
1 1 270
—— > — (1~ 0 (53)
(R +291))* — R; RE

Then we can get the result

z(t) :Z(ti)_gO(t_ti)‘i‘Zexp‘i‘zbg, (54)
where
. Rg _Re 1 2 2
Zexp = — QEZ0! e e 5 1%A (t—1;)| RE Mett™ + RE  Aeft
Peff Rede

(O) (2/\eff +(2Re— 2Z(0)) eff+RE (RE— Z(O))>+TO (Aeﬁ-i- )goztz'4

2 3,0 Re\, 3, (3 Re), 2,2 3 © Re
tgo—— A — ) goti — (A — t A — t
5(go 2 v; )(eff+ 2)80, + 5 eff + > 80 5 v; eff + > 80

1 Re 2
¥ ggo)neffz-f'(( T3 ,(0)>g += <°)2)xeff+ ((Re— 22(0))g0+2v(0)2>RE>
2 RE 3 0) RE 2 2 4 (0)
—Z e+ =2 ) go2° Aefi+— ) gor®+( — = goh ((
+<5<ett+2>g +v eft+2 got™+ 3g0eﬁ+ 3
- gst)go - ﬂv( ) )Keff - l((RE 22(0)).5’0—}—21)(0) )RE t+v( )( it
3 3 3
+ (Re =22 ) et + 1RE(RE - 2z?°>)) b4~ (x i+ E)go2z4
) { "o\ 2
Re 2 2
o © E_2.0
(Aeff‘f‘ ) 8ot +<3 80 Aeff +<< 3 3% )g +3 ; >)Leff
1
+ < ((RE —22")go+20v" ) >z2 —® ()\effz + (Re =22 ) et
1
+ 5 Rg (RE — ZZEO))>{|
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aalt
M 2 Z(O) + v(o) 6 RE>heft + 6 RE Aefr® — 62 (2 hegt?
122 780 i

3
+ (2Re =22 hetr + R (RE — zl@)) +15 - 1)* (2 hett + RE)go*
3 3
+ (t—1;)? (5 vi(0) 2 et +RE) 1 —3 U,-(O) QA +RE)1—(2 RE+4/\eff)zf0)
4
+ RE24+2 R hetr+2 Aef >g0+2v(0) Q2 ket +Rp) 12 +3 0 ( 3 v @ hef

+ Rp)t+(2 Rg — 4het) 2,0+ RE>+2 RE et + 2 ekt )r + 207 (2 et

+ Rp)1* — “”(( 2Rg —4heir) 2 + RE> +2REAeff+2Aeff)]

apgol\t — 1 2
- gz(gc—z ’)[20 Re?hetr® —40REZ hetr® 40 RE22 hetr + 20R %2,

3 2 3 2 5
~ 20Rpg” +60REZ" her =405 herr+402" Ao + 17 (1 = 1)° (e

5 5
+ Rg)go +(t—1)* ( (O)H—zv ti + Rg—3 Zl-(o)+)~eff> (2 ket + RE) 80

)
6 2 12v. 7t
— 5g0(t—1)? (—Svf‘” Q@ hett + RE) 12 =0 (2 hett + RE) (— L 4R

5

6 (0?2
-3 +Aeff) =2 0" @t + R 240" Qherr+Re) (Re =32+t 1
4 8 4 2 4
+ (2 Re+5 27 ) het® + (=5 RE2+4Rpz” — 4207 ) et + = Rp%2”
3 3 3 3
l

2 3 20 ()2 9
— 2Rg zfo) ) +5vi(0) (2 Aett + RE) 3+ ?vi(o) <_Z v@t—i— R — 3150)

40 9
+)\eff> (2 hefr + RE)t;% — ?vi(o) ( 3 ,(0) (2 Aefr + RE)1* + v (2)~eff

2 2

9 2 3 3 3
—3 z,@ ))» i+ = 3 RE Z(O) (RE —5 ZEO)> )fi - 5”,-(0) (2 hetr + RE) £

3 3 9
+ RE) (Re—32" +hetr)t + (—5 Rg+3 Z(O)) )Leff2+<—* Re>+- Rpz”

20 2
+ ?vi(o) (2 )»eff-i-RE)(RE - 3Zi(0)+)\eff)t2+20 v,»(o) <<_RE+2 ZEO)) Aefi?
3
+ (—RE2+3RE Z;O) -3z (0) ))\. +REZ() (RE 5 fo)))l:“ (55)

and

. k ()OtA62 1
o == | 2 (80 =12+ (<20 42000 =227 )0” — 20 )

-sin(Rek —wt+6) + (a)—k(go (t—1t) _vi(O))>w cos (R k —wt +6)
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— (kwvi(o)—l—wz) cos (Rgk—wt; + 8)+k ( 2 (O) + go> sin(Rgk —wt; + 8)]

1
B 3O‘A(p°[<<§((r—t,-)zg02+((—2t+2tl~)vf°) gy + 0 © )

2w
(g0 = 1) + (=20 +26) o =22 ) K 3go>w +2g0(g0(r — 1)
(0)
zZ; 3 2
vi(o)>ka)3—4gok2<(t—ti)2g02+<(—2t+2t,')vi(0)—17)g0+4 ,(0) )w
. 4
+ 8go3k2> sin (REk—wr+a)+<<(z—t,»)2g02+((—2z+2t,»)v,.“” 3 “’))go
1 2 4 3
+ gvi(()) >w 3<go (t—t)—v° )><(l‘—fi)2 802+<(—2l+2fi)v,~(0) 3 (O))go
1 02), 2 2
+ Zvi kw”—2g0"w + 820 (go (t—t,)—v )k kwcos (Rgk —wt + 6)
I O3 (0)2 2, 2 45 0 3 2,0
+ i ( 2807, - )k +§go w* +2v; " goka’ + (—2g0°z
2 . 1 2
+ 3g°“i(0) )k2a)2_8g03k2> sin (REk—a)t,»+8)—§((_4gOZl§0> + Ulgo) )w%

2
+ kv (—6goz}°)+u§°> )w2—6g02w—24vi(0) g02k>kw cos (REk—wziJra)]

1
1 280 [( 4 (2 + (80 = 1? = 20000 + 20, zz'@)k) ( -2
w 4

+ (g0 t=1* =200 + 2001 -22) k>w4 ~2(g0 (t = 1) = v Jko®

3 ((z—ti)2 g02+ (—2tv§0)+2vi(0)ti i (0)> 20 +§v(0) ) k2a)2—6g02k2)
Csin(Rek —wi +8) + ((—go - +2000 — 200y +2z(0))
+ (g0 =) =) (g0 ¢ =1 =200 + 200 = 22" ) ke? + 280 0
— 6g0(g0 (t—t,)—vl( )k)ka)cos (REk—wt + 6)+ ((kzzfo)z— 1) a)4—2vi(0)ka)3

— 2k? ( (0) + v(o) )wz + 6g02k2) sin(Rg k — ot; +6) — (21)(0)kw2 ©)

+

2w3zfo) + 6vi(0> gok+2go w)kwcos (REk—wt; + 8):|
. _ O 4O ¢y,
AQo| cos(Rpk —wt+68) —sin(Rgk —wt+8)klz;" +v;7 (t—1;)

1
580 (f—ti)2)>< O _ g (t—tz)>+aA<ﬂ0<COS(REk—wti+5)
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— sin(Rgk —wl; +6) szo))uf(” : (56)

It is clear that Zexp and zpg denote effects from the exponential term and the oscillation
background term of the DM field, respectively.

For later use, we give the following velocities. At the time of applying the 7 -pulse,
the velocity for atoms in the lower arm is z1; = z(¢)|;=7 witht;, = 0 and z(¢;) = v,
while the velocity for atoms in the upper arm is z1, = z(t)|;=r with ; = 0 and
z(t;) = vp + vgr(ep). At the time of applying the second %-pulse, Z2o1 = z2(t)|;=21
with t; = T and z(¢;) = z17 + vg(e), while zo, = z(t)|;=2r With t; = T and
z2(t;) = Z1u — VR ().

Next, we do the time integration on Eq. (54) to get the solution for the trajectory

t
z(t) = z(1) +/ (tdr' . (57)

ti

For later use, we give the following positions. At the time of applying the w-pulse,
the position for atoms in the lower arm is z1; = z(f)|;=7 with ;, = 0, z(t;) = 0
and z(#;) = vr, while the position for atoms in the upper arm is z1, = z(t)|;=1
with; = 0, z(t;) = 0 and z(¢;) = vz + vr(p). At the time of applying the second
Z-pulse, 23y = z(t)|;=or With t; = T, 2(t;) = zy and 2(t;) = Zy + vr(p), while
2ou = 2(D) =21 With t; =T, z(t;) = z1, and 2(#;) = Z14 — VR(P).

B Calculation of the DM-induced phase shift in Al experiments

The total phase shift can be written as a sum of three components [33], the propagation
phase shift, the laser phase shift, and the separation phase shift,

Ap = A¢])rop + Adraser + A¢sep . (58)

For each segment of the atomic trajectory, the atom accumulates a propagation
phase

ty
d)prop = / Ldt, (59
ti

where ¢ is the final time for each segment, and L is the Lagrangian (31). The propa-
gation phase shift A, is the difference in the propagation phase between the two
arms,

Ad’prop = Z d)prop - Z ¢pr0p . (60)

upper lower

The laser phase shift comes from the interaction of laser pulses with atoms. At each
interaction point, the laser field transfers its phase to the atom. Then, A¢jgser 1S the
difference in the accumulated laser phase between the upper and lower arms
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A(plaser - Z ¢laser - Z ¢laser

upper lower

% e
= C/ keff(t)dt — C/ keff(t)dt
0 T

T+3L 2T+
— C/ kerr(®)dt + C/ kepr(®)dt , 61)
T 2T

where z; is the initial position of atoms at the time of applying the first Z-pulse.
Since the two arms do not exactly intersect at the final laser pulse, then the separation
phase shift A¢y,, appears.

m . .
A@wzzgg@n-—wV+@n@y—ZM). (62)

With Egs. (54) and (57), we can calculate ¢ o, along each segment of the lower
and upper arms, and thus compute A, p. Similarly, A¢jqser and Agy,), can also be
computed. Summing them together, one can get the final result for the DM-induced
phase shift. We find that A¢ consists of a static component A¢s,, an oscillatory
component Agyg, and the well-known term —go T2k,

AP = —goT keft + Agsy + Adppg . (63)

The first term is the known phase shift for atoms in freefall, where kg has been taken
to be parallel to g,. The §¢p-contribution to A¢ is given by

7. 2
z80T" — Qur +vp)T R v (vg + v
58 n E) L(vg +vL) »

Ads, =—goT >k 1+ —
Psp =—80 eff|:< . + o ¥

goQQur+vr)T—goRe 73 T? 1 7
+ ( 2 602 aE+)\.effC2 7 VLWL +vR)

L2 2 ! ! 3.5 2
— Vg )8oT —vr(vL+VR) (UL+§UR)T__RE 0lA+<——T 20

12 2 20
9 v 7 7
+ 3 (UL + 7R>go T? — (ggo R + EUL(UL + vR)+vR2>T+RE(20L
R _Rg
+vR) goTap | |I | — | age *ef
Aeff
117 5, 1
+ goketT 2|75 % T +5 (=26v, T — 15Tvg + 2 Rg) go + (4vz.

+ vg) (vg +vr) | + L(268 o574 — 03 (v, 422 273
v v v — | — — v —=U
R) (VR T UL e\ 4 80 Lt g VR )80

1 1
+ ig() (17 go Rp + 138 UL2 + 168 vgp vy, +49 UR2> T? — E (26g0 Rgvr

+ 1580 REvr +32v.° + 60vg v ? + 34 vp?v, +6vg™)T + (4vg
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RE

Rg\ -~
+ vr)RE (VR + vL)>]I (r> dage ‘eff (64)

eff

The @pq-contribution to A¢ is given by

2k
Adpg = —keffw(sm(kzeg — 20T +8) — 2sin(kRg — T + 8)
w

2g0kessT
+ sin(kRg + 3)) + aAgO—eff<pO<sin(kRE — T +8) —sin (kR
w

k
£0 ;ffgo()(cos(kRE +8) — 2cos (kRg

w

— 20T +8)> + (g + 204)
kegt(vy + 2

— T + 8)+cos(kRE —2wT + 8)) —og <M> (p()(sin (kRE
w

+ 8) +2sin(kRg — oT +8) — sin(kRg — 20T + 3))

k UR 9

_ keff%[@goT —2vup — vR)((g0T2 —u T — 7T)a)zo;A — 5 804
1

—2g0 aE> cos(kRg — 20T +6) — (goT —vp — EvR)((goT2 -2, T

- vRT)w2ozA — 18 goas — 8 g0 aE> cos(kRg — T +8) + go(2ag

9 k(po
+ EOlA)(va + vg) cos(kRg +6) | + keffF 280 T(280T —2 vy
3 Ly 2 2
— vR) (ozE+3aA)+§vL (vL+vR)ocA+§vR og oo — 12807 aa
o
+7E>> sin(kRg — 20T + 8)+((2go T Qv +vr—g0T) (g +3a4)
— 3 (UL+UR)aA—vR2aA>a)2 + 24 go? <aA + O%E)) sin (kRg — wT

3 1 o .
+ 8)+<(EUL(UL+UR)+§U?;)6020£A - 128(%(O‘A+7E)> sin(kRg + 5)]

kett T kd o

3 [ (4 T?g0% — 8c +4vr +2vR) g0 T + 4c (¢ + vr + vR))

1\’ 1 1
-(Tgo—vL—zvR> sin(kRE—2Tw+8)+<—§g03T3+Z(c+3vL
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1 1 1
+ 3 vR2>c +3 v+ 5 L+ vR>3> (g0 T —2c¢)sin(kRg — oT + 5)}

ket Tdgo

[(kg02T2 . (UL n U—R) 2o kT + ca)) 2 Tg0 — 2 v — vR)
wc 2

1
-cos (kRg —2wT +8) + (_ Zkg03T3 + (UL + UTR) 202kT? — <<UL2

1
+ v vgp + 3 vR2>k —|—cw>goT — Qv + vR)cw) cos (kRg — Ta)—i—S)]
(65)
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